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It is shown that, for a minimal action a of a compact Kac algebra K on a factorA,
the group of all automorphisms leaving the ﬁxed-point algebra Aa pointwise
invariant is topologically isomorphic to the intrinsic group of the dual Kac algebra
#K. As an application, in the case where dim Ko1, the left (in fact, two-sided)
coideal of K determined by the normalizer (group) of Aa in A through the Izumi–
Longo–Popa (Galois) correspondence is identiﬁed. As a consequence, we prove that,
whenA is the AFD II1 factor, K is cocommutative if and only ifA
aA contains a
common Cartan subalgebra. This result is an extension of a result due to Jones and
Popa. # 2002 Elsevier Science (USA)
Key Words: compact Kac algebras; minimal actions; factors; Galois correspon-
dence; Cartan subalgebras.0. INTRODUCTION
In [ILP], Izumi, Longo and Popa succeeded in establishing a complete
Galois correspondence for minimal actions of compact Kac algebras on
factors. Later, this result was successfully extended to the case of an
irreducible depth 2 inclusion of factors with a certain property by Enock
[E1]. Thanks to the results of [L,U,Y1] (see [HY] also), we know at present
that compact Kac algebras indeed admit concrete minimal actions on von
Neumann algebras. Motivated by these works, the author and, at the same
time, Sekine have started to conduct a further investigation on minimal
actions see, [Se2, Y2,Y3]. In [Y2], the author showed that every minimal
action a of a compact Kac algebra K on a factor A with properly inﬁnite
ﬁxed-point algebraAa is dominant. Moreover, it was proven there that, for
such a minimal action a; every automorphism y in AutðA=AaÞ with a
‘‘certain property’’ gives rise to a unitary vðyÞ which belongs to the intrinsic
group Gð #K
0
Þ of the commutant of the dual of the given Kac algebra K;
where AutðA=AaÞ stands for the (sub)group of automorphisms of A1
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TAKEHIKO YAMANOUCHI2leavingAa pointwise ﬁxed. This result can be viewed, in the case of compact
group actions, as a Tannaka duality theorem in the operator algebra
framework (refer to [NT]).
The main purpose of the present paper is to take up a more detailed study
of the assignment y 2 AutðA=AaÞ/ vðyÞ 2 Gð #K
0
Þ mentioned above, as a
continuation of [Y2]. As a by-product, we obtain some information on the
subfactor generated by the normalizer of Aa in A:
The organization of the paper is as follows. In Section 1, we summarize
fundamental facts on Kac algebras and their actions on von Neumann
algebras. In Section 2, we ﬁrst show that every automorphism in
AutðA=AaÞ automatically fulﬁlls the ‘‘certain property’’ mentioned above
as long as the ﬁxed-point algebraAa is properly inﬁnite. This enables us to
prove that each member y in AutðA=AaÞ in fact deﬁnes a unitary vðyÞ 2
Gð #K
0
Þ without any further assumption. This generalizes the results obtained
in [Y2, Sect. 3]. It is then shown that the mapping y 2 AutðA=AaÞ/ vðyÞ 2
Gð #K
0
Þ is indeed a topological isomorphism between these Polish groups. In
Section 3, we discuss some application of the previous section. More
precisely, we determines the left coideal von Neumann subalgebra of K
which corresponds, through the Galois correspondence, to the intermediate
subfactor generated by the normalizer of Aa in A; when K is ﬁnite
dimensional. Thanks to this theorem, we are able to prove that, if A is the
AFD factor of type II1; then A
a A contains a common Cartan
subalgebra if and only if K is cocommutative. This may be regarded as an
extension of the result of Jones and Popa [JP, Theorem 3.4].
1. NOTATION AND TERMINOLOGIES
In this section, we brieﬂy review fundamental results on (compact) Kac
algebras and their actions on von Neumann algebras. We also introduce
notation which will be used in the following sections.
From now on, all von Neumann algebras are assumed to have separable
preduals.
A Kac algebra is a quadruple K ¼ ðM; d; R; hÞ [ES1, Deﬁnition 2.2.5] in
which:
(Ki) ðM; d; RÞ is a co-involutive Hopf von Neumann algebra [ES1,
Deﬁnition 1.2.5];
(Kii) h is a faithful normal semiﬁnite weight on M; called a Haar
measure (weight) of K;
(Kiii) ðidM hÞðdðxÞÞ ¼ hðxÞ 1 ðx 2MþÞ;
(Kiv) ðidM hÞðð1 ynÞdðxÞÞ ¼RððidMhÞðdðynÞ ð1xÞÞÞ ðx; y 2 nhÞ;
(Kv) R 8 s
h
t ¼ s
h

t 8R ðt 2 RÞ:
AUTOMORPHISM GROUP 3Here nh :¼ fx 2M: hðxnxÞo1g: We say that K is compact if hð1Þo1: In
this case, h is a trace with h 8R ¼ h: Let us ﬁx a Kac algebra
K ¼ ðM; d; R; hÞ: We always regard M as represented on the Hilbert space
L2ðhÞ obtained from h: The modular conjugation of h on L2ðhÞ is denoted by
J: Let Lh stand for the canonical injection of nh into L2ðhÞ: Then the
equation
W ðLhðxÞ  LhðyÞÞ ¼ LhhðdðyÞðx  1ÞÞ ðx; y 2 nhÞ
deﬁnes a unitary on L2ðhÞ  L2ðhÞ; called the fundamental unitary of K
[ES1, Proposition 2.4.2], and denoted by W ðKÞ if there is a danger of
confusion. The set (group) GðKÞ of unitaries u inM satisfying dðuÞ ¼ u  u
is called the intrinsic group of K [DeC, S].
The main feature of the theory is the construction of the dual Kac algebra
#K ¼ ð #M; #d; Rˆ; hˆÞ [ES1, Chap. 3]. The Hilbert space L2ðhˆÞ obtained from hˆ is
canonically identiﬁed with L2ðhÞ: The modular conjugation of hˆ; regarded as
acting on L2ðhÞ; is denoted by Jˆ: The fundamental unitary W ð #KÞ of #K is
SW ðKÞnS [ES1, Theorem 3.7.3], where S in general stands for the ﬂip (twist)
operator: Sðx ZÞ ¼ Z x: There are another Kac algebras canonically
attached to K; such as K0 ¼ the commutant of K;Ks ¼ the opposite of K;
etc. (see [ES1]).
An action of K on a von Neumann algebraA (refer [E]) is a unital injective
*-homomorphism a from A into A %M satisfying ða idMÞ 8 a ¼ ðidA
dÞ 8 a: The crossed product AsaK of A by the action a is by deﬁnition the
von Neumann algebra generated by aðAÞ and CcM0: On the crossed
product, there exists an action *a of #K
0
; called the dual action of a [E, De´ﬁnition
II.7]. There also exists a faithful normal semiﬁnite operator valued weight Fa
from AsaK onto aðAÞ deﬁned by Fa :¼ ðidAsaK hˆ
0Þ 8 *a [ES, Sect. II],
where hˆ0 denotes the Haar measure of #K
0
: We call Fa the operator valued
weight on AsaK associated with the action a: In the meantime, given an
action a of K on A; we may construct a new action %a of K on A %BðL2ðhÞÞ
(or, more generally, onA %B with B another von Neumann algebra), deﬁned
by %a ¼ ðidA sÞ 8 ða idÞ; where BðHÞ in general designates the algebra of
all bounded operators on a (separable) Hilbert space H; and s :¼ AdS: We
call %a the ampliﬁed action of a: The ﬁxed-point algebraAa of a is deﬁned to be
the set fx 2A: aðxÞ ¼ x  1g: When K is a compact Kac algebra, we say that
the action a is minimal [ILP, Deﬁnition 4.3] if
(1) Aa has trivial relative commutant in A;
(2) the linear span of fðo idMÞ 8 aðaÞ: a 2A;o 2Ang is s-weakly
dense in M:
We refer the reader to [ILP], [Se2, Y2,Y3] for important properties of
minimal actions.
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Throughout this note, we let K ¼ ðM; d; R; hÞ be a compact Kac algebra.
We also ﬁx a minimal action a of K on a factor A: The group of
automorphisms ofA leaving the ﬁxed-point algebraAa pointwise invariant
is then denoted by AutðA=AaÞ:
Our goal of this section is to prove that the group AutðA=AaÞ is
topologically isomorphic to the intrinsic group Gð #K
0
Þ: For this purpose, we
ﬁrst need to extend the result obtained in [Y2, Sect. 3]. Recall [Y2] that a
ﬁnite-dimensional subspace D of A is said to be a-invariant if aðDÞ 
D M: In [Y2], we did not know whether every automorphism in
AutðA=AaÞ automatically leaves all the a-invariant Hilbert spaces in A
globally invariant, when Aa is properly inﬁnite. But, we show below that
this is indeed the case.
Proposition 2.1. Suppose that the fixed-point algebra Aa is properly
infinite. Let y be an automorphism in AutðA=AaÞ: Then it leaves every a-
invariant Hilbert space in A globally invariant.
Proof. Let D be an a-invariant Hilbert space in A and fvig
d
i¼1 an
orthonormal basis (ONB) for D; where d ¼ dim D: The equation
aðvjÞ ¼
Xd
i¼1
vi  V ðDÞij ð2:1:1Þ
then determines a unitary V ðDÞ ¼ ½V ðDÞi;j in M Md ðCÞ: Since A
a is
properly inﬁnite, we may choose a d-dimensional Hilbert space D0 in Aa
and its ONB fuig
d
i¼1: Set T :¼
Pd
i¼1 viu
n
i : We denote by C the linear span of
elements of the form xyn where x; y 2 D0: It is clear that C is a type Id
subfactor of Aa: We introduce the canonical endomorphism r of A
determined by the Hilbert space D0:
rðxÞ :¼
Xd
i¼1
uixu
n
i ðx 2AÞ:
It is known (see [NT, Sect. 3, Chap. I] for example) that the relative
commutant of C in A is exactly the image of r: Thus we have Aﬃ
rðAÞ  C: This isomorphism C :A! rðAÞ  C is explicitly described as
follows:
CðxÞ ¼
Xd
i;j¼1
rðuni xujÞ  uiu
n
j ðx 2AÞ:
AUTOMORPHISM GROUP 5Since ðr idÞ 8 a ¼ a 8 r; the restriction ar of a to rðAÞ is again an action of
K: It is easy to check that one has
ðC idMÞ 8 a ¼ ar 8C; ð2:1:2Þ
where ar is the ampliﬁed action of ar:
By the fact that y commutes with r; it makes sense to consider
the restriction yr 2 AutðrðAÞÞ of y to rðAÞ: Put yr :¼ yr idC 2
AutðrðAÞ  CÞ:
For each u in the unitary group UðAaÞ of Aa; the equation
guðrðxÞÞ ¼ rðuxu
nÞ ðx 2AÞ
deﬁnes an automorphism gu of rðAÞ: Thus, we obtain an action g of the
group UðAaÞ: We set %gu :¼ gu  idC 2 AutðrðAÞ  CÞ:
Take an arbitrary u in UðAaÞ: By a straightforward calculation, one has
%guðCðTÞÞCðTÞ
n ¼
Xd
j;k¼1
r uunj
Xd
i¼1
viu
nvni
 !
unk
 !
 ujunk:
From this and (2.1.2), it follows that
arð%guðCðTÞÞCðTÞ
nÞ ¼
Xd
j;k¼1
ðidrðAÞ  sÞ 8 ðr idMÞ 8 a
uunj
Xd
i¼1
viu
nvni
 !
unk
 !
 ujunk:
By (2.1.1) and the fact that V ðDÞ ¼ ½V ðDÞi;j is a unitary, it can be veriﬁed
that
Pd
i¼1 viu
nvni is ﬁxed by a; that is, að
Pd
i¼1 viu
nvni Þ ¼ ð
Pd
i¼1 viu
nvni Þ  1:
From this, it results that
arð%guðCðTÞÞCðTÞ
nÞ ¼ %guðCðTÞÞCðTÞ
n  1:
Hence, with the aid of [ES, Lemme II.17], we see that the element
%guðCðTÞÞCðTÞ
n belongs to the ﬁxed-point algebra ðrðAÞ  CÞar ¼
rðAÞar  C: Since y acts trivially on Aa; it follows that
yrð%guðCðTÞÞCðTÞ
nÞ ¼ %guðCðTÞÞCðTÞ
n:
TAKEHIKO YAMANOUCHI6This in turn implies that the identity
uunj
Xd
i¼1
yðviÞunyðviÞ
n
 !
unk ¼ uu
n
j
Xd
i¼1
viu
nvni
 !
unk
holds true for any j; k ¼ 1; 2; . . . ; d: From this, we deduce that
unyðviÞ
nvj ¼ yðviÞ
nvju
n ði; j ¼ 1; 2; . . . ; dÞ:
Since this identity is true for any u 2 UðAaÞ; it follows from the minimality
of a that yðviÞ
nvj is a scalar multiple of the identity operator for each ði; jÞ:
Thus, yðviÞ ¼ ci;jvj for some ci;j 2 C: This shows that yðDÞ  D: By applying
the above argument to y
1; we obtain yðDÞ ¼ D: ]
With Proposition 2.1 at hand, we now strengthen the results obtained in
[Y2], by using the Galois correspondence of Izumi–Longo–Popa [ILP] and
Enock [E1].
Theorem 2.2. Let y be an automorphism in AutðA=AaÞ: Then we have
the following:
(1) There exists a unique unitary vðyÞ in the intrinsic group Gð #K
0
Þ of the
Kac algebra #K
0
such that, with by :¼ Ad vðyÞ the automorphism of M
canonically implemented by vðyÞ (see [DeC, Theorem 2.3]), we have
ðidA byÞ 8 a ¼ a 8 y: ð2:2:1Þ
(2) The left coideal von Neumann subalgebra NðyÞ of M determined
by the intermediate subfactor Ay of the inclusion Aa A through the Galois
correspondence is given by NðyÞ ¼Mby : In particular, we have
Ay ¼ fx 2A: aðxÞ 2A %NðyÞg:
Proof (Uniqueness). (1) Suppose that vðyÞ and uðyÞ are unitaries in Gð #K
0
Þ
satisfying
ðidA byÞ 8 a ¼ a 8 y ðidA gyÞ 8 a ¼ a 8 y;
where by ¼ Ad vðyÞ and gy ¼ Ad uðyÞ: Then we have
ðidA byÞ 8 a ¼ ðidA gyÞ 8 a:
From this, we ﬁnd that by equals gy on the subspace ofM linearly spanned
by the subset fðo idMÞðaðxÞÞ: x 2A;o 2Ang; which is s-weakly dense
AUTOMORPHISM GROUP 7by the minimality of a: Therefore, we obtain by ¼ gy: By De Cannie`re
[DeC, Theorem 2.3] again, we have vðyÞ ¼ uðyÞ:
(Existence). (i) The case where Aa is properly inﬁnite: In this case, from
Proposition 2.1, y leaves every a-invariant Hilbert space in A globally
invariant. Hence we may apply the argument in [Y2, Sect. 3], which
guarantees the existence of vðyÞ satisfying (2.2.1).
(ii) The general case: LetF1 be the separable factor of type I1: Then set
%A :¼A %F1; %a :¼ ðidA sÞ 8 ða idF1Þ; %y :¼ y idF1 :
Then %a is a minimal action of K on %A with properly inﬁnite ﬁxed-point
algebra, and %y belongs to Autð %A= %A
%a
Þ: From the preceding paragraph, there
exists a unitary vðyÞ in Gð #K
0
Þ satisfying
ðid %A byÞ 8 %a ¼ %a 8 %y;
where by ¼ Ad vðyÞ: But it is easy to see that the identity above yields (2.2.1).
(2) (i) The case whereAa is properly inﬁnite: From Proposition 2.1 and
[Y2, Theorem 3.12], the assertion immediately follows.
(ii) The general case: Let %A; %a; %y be as in the proof of part (1). Then,
from the preceding paragraph, we have
Ay %F1 ¼ %A
%y
¼ fy 2 %A: %aðyÞ 2 %A %NðyÞg;
whereNðyÞ is the left coideal von Neumann subalgebra determined by the
subfactor %A
%y
: If a 2Ay; then a  1 2 %A
%y
: Hence, we have %aða  1Þ 2
%A %NðyÞ ¼A %F1 %NðyÞ: So aðaÞ  1 2A %NðyÞ %F1: This shows
that aðaÞ belongs to A %NðyÞ: Conversely, if aðaÞ 2A %NðyÞ; then %aða 
1Þ 2 %A %NðyÞ: Hence a  1 lies in %A
%y
: So a belongs to Ay: Therefore, we
have shown thatAy ¼ fx 2A: aðxÞ 2A %NðyÞg: Accordingly,NðyÞ is the
left coideal von Neumann subalgebra determined by the intermediate
subfactor Ay through the Galois correspondence. ]
Theorem 2.3. The group AutðA=AaÞ is topologically isomorphic to the
intrinsic group Gð #K
0
Þ; where AutðA=AaÞ is endowed with the topology of
simple convergence on the predual, and Gð #K
0
Þ has the strong-operator
topology.
Proof. First, we will show that AutðA=AaÞ is algebraically isomorphic
to Gð #K
0
Þ: By De Cannie`re [DeC, Theorem 2.3], Gð #K
0
Þ is isomorphic to the
group G of all automorphisms b ofM satisfying ðidM bÞ 8 d ¼ d 8 b: Thus,
it sufﬁces to show that the map: y 2 AutðA=AaÞ/ by 2 G is an isomorph-
ism. By Theorem 2.2, this map is well deﬁned. From (2.2.1), one easily ﬁnds
that the map is a homomorphism. It is apparent that it is injective. Thus, it
TAKEHIKO YAMANOUCHI8remains to show its surjectivity. For this, take an automorphism b 2 G: Let
a 2A and set X :¼ ðidA bÞ 8 aðaÞ 2A %M: Then we have
ða idMÞðX Þ ¼ ðidA idM bÞ 8 ða idMÞ 8 aðaÞ
¼ ðidA idM bÞ 8 ðidA dÞ 8 aðaÞ
¼ ðidA dÞ 8 ðidA bÞ 8 aðaÞ ¼ ðidA dÞðX Þ:
From this, together with [ES, De´ﬁnition II.8, The´ore`me IV.2(iii)], it follows
that X belongs to aðAÞ: Hence the equation
aðybðaÞÞ ¼ ðidA bÞ 8 aðaÞ ð2:3:1Þ
deﬁnes a well-deﬁned map yb fromA into itself. It is easy to see that yb is an
injective homomorphism. From (2.3.1), we obtain yb 8 yb
1 ¼ idM: Hence yb
is surjective. Accordingly, yb is an automorphism of A: If a 2Aa; then, by
(2.3.1), we have
aðybðaÞÞ ¼ a  1 ¼ aðaÞ:
Thus ybðaÞ ¼ a: This shows that yb acts trivially onAa: Namely, yb belongs
to AutðA=AaÞ: From Theorem 2.2 and (2.3.1), it then follows that b ¼ byb :
Now, we prove that the algebraic isomorphism considered in the
preceding paragraph is also a homeomorphism. For this, we employ the
notation used in Theorem 2.2(1). We then need to show that the map
F : AutðA=AaÞ ! Gð #K
0
Þ deﬁned by FðyÞ ¼ vðyÞ is a homeomorphism. As
one sees from the proof of Theorem 2.2, we may assume thatAa is properly
inﬁnite. Put uðyÞ :¼ JˆvðyÞJˆ: From the result in [Y2] (see [Y2, Eqs. (3.1) and
(3.2)]), uðyÞ is given by
uðyÞLhðV ðpÞi;jÞ ¼
XdðpÞ
k¼1
ðwðpÞk j yðwðpÞiÞÞLhðV ðpÞk;jÞ:
For the notation such as V ðpÞi;j ; wðpÞi; etc., we refer the reader to [Y2, Sect.
3]. Hence, if a net fylg in AutðA=AaÞ converges to y 2 AutðA=AaÞ; then,
for each vector x in the subspace M spanned by the set fLhðV ðpÞi;jÞ : 14i;
j4dðpÞ; p 2 Irrg; we clearly have
lim
l
jjuðylÞx
 uðyÞxjj ¼ 0:
Since M is dense in L2ðhÞ; the net fuðylÞg converges to uðyÞ in the strong-
operator topology. Thus, the map F deﬁned above is continuous. To show
that F
1 is also continuous, note ﬁrst that, since AutðA=AaÞ is a closed
subgroup of the Polish group AutðAÞ (recall that we are assuming that A
AUTOMORPHISM GROUP 9has a separable predual), AutðA=AaÞ itself is a Polish group with respect to
the relative topology. Secondly, by Schwartz [S, The´ore`me I.10], Gð #K
0
Þ is a
locally compact group in the weak-operator topology. Since M has a
separable predual, L2ðhÞ is separable, so that Gð #K
0
Þ is also a Polish group.
Hence, since F is an injective continuous map between Polish spaces, it
follows from [A, Corollary, p. 67] that F
1 is a Borel map. From this,
together with [V, Lemma 5.28], we conclude that F
1 is continuous. ]
As in the proof of the previous theorem, let G be the group of all
automorphisms b of M satisfying ðidM bÞ 8 d ¼ d 8 b: By deﬁnition, it is
immediate to see that the ﬁxed-point algebra MG is a left coideal von
Neumann subalgebra of M: Note that MG ¼M\ Gð #K
0
Þ0:
Proposition 2.4. Let G be the group AutðA=AaÞ: With the notation
introduced above, MG ¼M\ Gð #K
0
Þ0 is the unique left coideal von Neumann
subalgebra of M determined by the intermediate subfactor AG through the
Galois correspondence.
Proof. First note that, with the notation in Theorem 2.2, G exactly
consists of automorphisms of the form by; where y 2 G: If a 2A
G; then by
(2.2.1), we have, for any y 2 G;
ðidA byÞ 8 aðaÞ ¼ a 8 yðaÞ ¼ aðaÞ:
Thus aðaÞ belongs to the ﬁxed-point algebra ðA %MÞidG ¼A %MG:
Conversely, if aðaÞ is inA %MG for some a 2A; then, for any y 2 G; we have
a 8 yðaÞ ¼ ðidA byÞ 8 aðaÞ ¼ aðaÞ:
Thus yðaÞ ¼ a: So a 2AG: Therefore, we obtain
AG ¼ fa 2A : aðaÞ 2A %MGg:
This completes the proof. ]
3. NORMALIZER OF THE FIXED-POINT
ALGEBRA}APPLICATION
The purpose of this section is to characterize the factor generated
by the normalizer of the ﬁxed-point algebra of a minimal (outer) action of a
ﬁnite-dimensional Kac algebra, as an application of the results in the
previous section. As one sees from Corollary 3.7, one of the theorems of this
section (Theorem 3.6) can be regarded as a generalization of [JP, Theorem
TAKEHIKO YAMANOUCHI103.4] to the case of minimal (outer) actions of ﬁnite-dimensional Kac
algebras.
As in the preceding section, let a be a minimal action of a compact Kac
algebra K ¼ ðM; d; R; hÞ on a factor A: Set Ea :¼ ðidA hÞ 8 a; which is a
faithful normal conditional expectation from A onto Aa: We ﬁx a faithful
normal state c0 onA
a and put c :¼ c0 8Ea: We denote by L
2ðcÞ the Hilbert
space obtained by the GNS construction from c: We will always think ofA
as acting on L2ðcÞ: According to the results of [ES, Sect. 3], the equation
UcðLcðaÞ  LhðxÞÞ :¼ LchðaðaÞð1 xÞÞ ða 2A; x 2MÞ
deﬁnes a unitary Uc in BðL2ðcÞÞ %M that implements the action a as
follows:
aðaÞ ¼ Ucða  1ÞUnc ða 2AÞ:
By Enock and Schwartz [ES, Lemme III.12], we also have
ðJc JˆÞUcðJc JˆÞ ¼ Unc; ð3:1Þ
where Jc is the modular conjugation of c: By [ES, Proposition II.7(ii)], the
equation
a0ðbÞ :¼ Uncðb  1ÞUc ðb 2A
0Þ
in turn deﬁnes an action a0 of the opposite Kac algebra Ks on the
commutant A0:
Lemma 3.2. The action a0 is minimal.
Proof. Let b 2A0 be such that a0ðbÞ ¼ b  1: Then, by (3.1), we have
aðJcbJcÞ ¼UcðJcbJc 1ÞUnc ¼ UcðJc JˆÞðb  1ÞðJc JˆÞU
n
c
¼ ðJc JˆÞUncðb  1ÞUcðJc JˆÞ ¼ ðJc JˆÞa
0ðbÞðJc JˆÞ
¼ JcbJc 1:
This calculation shows that ðA0Þa
0
¼ JcAaJc: Hence
A0 \ ððA0Þa
0
Þ0 ¼ JcfA\ ðAaÞ
0gJc ¼ C:
It follows that a0 is minimal. ]
Let ea be the Jones projection of the inclusion A
a A deﬁned by eaLc
ðaÞ :¼ LcðEaðxÞÞ: The basic extension of A by Ea is the factor generated by
AUTOMORPHISM GROUP 11A and ea; which coincides with JcðAaÞ
0Jc: Following the notation in [K], we
denote by E
1a the canonical operator valued weight from ðA
aÞ0 onto A0
characterized by spatial derivatives:
dðf 8EaÞ
do
¼
df
dðo 8E

1
a Þ
;
where f;o are faithful normal semiﬁnite weights on Aa and A0;
respectively.
The following is probably known to specialists, but we include a proof for
reader’s convenience.
Proposition 3.3. The inclusion A0  ðAaÞ0 is isomorphic to A0 A0
sa0K
s: More precisely, there exists an isomorphism p : ðAaÞ0 !A0sa0K
s
satisfying pjA0 ¼ idA0 ; pðeaÞ ¼ 1 lðhÞ and Fa0 8 p ¼ p 8E

1
a ; where Fa0 is the
operator valued weight from A0sa0K
s onto A0 associated with the action a0:
Proof. As we showed in the proof of Lemma 3.2, we have ðA0Þa
0
¼
JcA
aJc: From this, it easily follows that ðAaÞ
0 is the basic extension of A0
by the conditional expectation JcEaðJc  JcÞJc onto ðA0Þ
a0 ; and that ea is the
associated Jones projection. Note that JcEaðJc  JcÞJc is nothing but
the conditional expectation Ea0 :¼ ðidA0  hÞ 8 a
0 fromA0 onto ðA0Þa
0
: In the
meantime, by Lemma 3.2 and [Y3, Corollary 3.10], A0sa0K
s is a factor,
including A0 when A0 is identiﬁed with a0ðA0Þ: From [ILP, Remark 4.5],
A0sa0K
s is generated by A0 and the projection 1 lðhÞ: From [Y3,
Lemma 3.4], we have ð1 lðhÞÞa0ðbÞð1 lðhÞÞ ¼ a0ðEa0 ðbÞÞð1 lðhÞÞ for any
b 2A0: Moreover, we have
Fa0 ð1 lðhÞÞ ¼ ðidA0sa0Ks  hˆÞ 8
fða0Þð1 lðhÞÞ
¼ ðidA0sa0Ks  hˆÞð1
#dðlðhÞÞÞ
¼ hˆðlðhÞÞ  1 ¼ 1;
where fða0Þ is the dual action of a0 (see [E, Sect. 2]). It now follows from [ILP,
Lemma 2.4] that there exists an isomorphism p : ðAaÞ0 !A0sa0K
s with the
desired property. ]
Let P be a von Neumann algebra. For a von Neumann subalgebra Q of
P; we denote by NðQÞ the normalizer of Q inP; i.e., the set of those unitaries
u in P such that uQun ¼ Q:
Let u be in NðAaÞ: Then Ad ujðAaÞ0 induces an automorphism of ðA
aÞ0:
Hence, with the notation in Proposition 3.3, yu :¼ p 8Ad ujðAaÞ0 8 p

1 belongs
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sÞ: It is clear that yujA0 ¼ idA0 ; so that yu actually lies in
AutðA0sa0K
s=A0Þ; the group of automorphisms of A0sa0K
s: leaving A0
pointwise ﬁxed. It is easy to see that the map u 2 NðAaÞ/ yu 2 AutðA0
sa0K
s=A0Þ is a homomorphism with the unitary group UðAaÞ ofAa as its
kernel. Suppose that g is in AutðA0sa0K
s=A0Þ: Through the isomorphism p
above, we regard g as an automorphism of ðAaÞ0: Choose a (separable)
Hilbert space H so that fðAaÞ0;Hg is a standard representation. Then we
can ﬁnd a unitary u on H such that g ¼ Ad ujðAaÞ0 : Since gjA0 ¼ idA0 ; it
follows that u is in A: It is now clear that u belongs to NðAaÞ; and that
g ¼ yu: This shows that the quotient group NðAaÞ=UðAaÞ is algebraically
isomorphic to AutðA0sa0K
s=A0Þ:
It is well known (see [ILP, Remark 4.5] for example) that the basic
extensionA1 ofA by Ea can be identiﬁed with the crossed productAsaK:
The identiﬁcation r :A1 !AsaK is characterized, with the aid of [ILP,
Lemma 2.4], by the properties as follows:
rjA ¼ idA; rðeaÞ ¼ 1 lðhÞ; Fa 8 r ¼ r 8cEa;
where A is identiﬁed with aðAÞ; and Fa is the operator valued weight from
AsaK ontoA; associated with the action a: The symbolcEa is the operator
valued weight fromA1 ontoA; dual to Ea: Refer to [ILP, p. 28, K, p. 126]
for the deﬁnition of cEa: (In [K], cEa is denoted by ðE˜aÞ
1:)
In the remainder of this section, we assume that the compact Kac algebra
K is finite-dimensional.
Remark 3.4. Let *c be the dual weight of c : *c ¼ c 8Fa: It is shown in
[Y1, Theorem 2.6] that the modular conjugation J *c of
*c is given by J *c ¼
UcðJc JˆÞ: Meanwhile, by Enock and Schwartz [ES, The´ore`me IV.7], we
have J *cðAsaKÞJ *c ¼ UcðA
0sa0K
sÞUnc: Since A1 ¼ JcðA
aÞ0Jc; it easily
follows that the isomorphisms p and r introduced above are related as
follows:
pðyÞ ¼ ðJc JˆÞrðJcyJcÞðJc JˆÞ ðy 2 ðAaÞ
0Þ: ð3:4:1Þ
Theorem 3.5. The left coideal von Neumann subalgebra of M determined
by the intermediate subfactor NðAaÞ00 through the Galois correspondence is
the Kac subalgebra GðKÞ00: Hence we have
NðAaÞ00 ¼ fa 2A: aðaÞ 2A GðKÞ00g:
Proof. Set P :¼ NðAaÞ00: With the isomorphism p in Proposition 3.3,
put Q :¼ pðP0Þ; which is an intermediate subfactor of the inclusion A0 
A0sa0K
s: Let G :¼ AutðA0sa0K
s=A0Þ: We use the notation introduced in
the discussion following Proposition 3.3. Then we have G¼fyu : u 2 NðAaÞg:
AUTOMORPHISM GROUP 13If x 2 ðA0sa0K
sÞG; then
Ad uðp
1ðxÞÞ ¼ p
1ðxÞ
for any u 2 NðAaÞ: Hence p
1ðxÞ 2 P0: Namely, x belongs to Q: Conversely,
if x 2 Q; then, by tracing back the above argument, we ﬁnd that x is in
ðA0sa0K
sÞG: It thus results that Q ¼ ðA0sa0K
sÞG: Note that, if ea0 is the
dual action of a0 on the crossed product R :¼A0sa0K
s; then G ¼ AutðR
=R
ea0 Þ; since Rea0 ¼A0: From Proposition 2.4, it follows that the left coideal
von Neumann subalgebra of #M determined by the intermediate subfactor Q
is B0 :¼ #M\ GðK
0Þ0: Then, from the proof of [ILP, Theorem 4.4], we see
that Q is generated by A0ð¼ a0ðA0ÞÞ and CB0: With the notation in
Remark 3.4, we have
rðP1Þ ¼ ðJc JˆÞQðJc JˆÞ ¼ aðAÞ _ ðC JˆB0JˆÞ;
whereP1 :¼ JcP0Jc: Since JˆB0Jˆ is a left coideal von Neumann subalgebra of
#M
0
; it follows that JˆB0Jˆ is the unique left coideal von Neumann subalgebra
of #M
0
determined by the intermediate subfactor rðP1Þ of the inclusion
Að¼ aðAÞÞ AsaK through the Galois correspondence. If B is the left
coideal von Neumann subalgebra of M determined by the intermediate
subfactor P; then, by Izumi et al. [ILP, Remark 4.9], we must have
RˆðB0 \ #M
0
Þ ¼ JˆB0Jˆ:
Hence
B0 \ #M
0
¼ JJˆB0JˆJ ¼ JJˆð #M\ GðK
0Þ0ÞJˆJ ¼ #M
0
\ GðKÞ0: ð3:5:1Þ
Since GðKÞ00 is a two-sided coideal (Kac) von Neumann subalgebra ofM; it
follows from (3.5.1) and [ILP, Theorem 4.6(i)] that
B ¼ ðB0 \ #M
0
Þ0 \M ¼ ðGðKÞ0 \ #MÞ0 \M ¼ GðKÞ00:
Thus, we are done. ]
Let P be a von Neumann algebra and Q a von Neumann subalgebra of P:
We say that Q is regular in P (cf. [JP, P1], etc.) if the normalizer of Q in P
generates P; i.e., NðQÞ00 ¼ P:
Recall [FM, Deﬁnition 3.1] that an abelian von Neumann subalgebra D
of a von Neumann algebra P is said to be a Cartan subalgebra if (i) D is
maximal abelian in P; (ii) D is regular in P; (iii) there exists a faithful
normal conditional expectation from P onto D: Given an inclusion Q  P
of von Neumann algebras, we say that Q  P contains a common Cartan
subalgebra D if D is a Cartan subalgebra of both Q and P:
TAKEHIKO YAMANOUCHI14Theorem 3.6. The following are equivalent:
(1) K is cocommutative;
(2) Aa is regular in A:
If A is the AFD factor of type II1; the above statements are further equiv-
alent to:
(3) Aa A contains a common Cartan subalgebra.
Proof. From Theorem 3.5 and the fact that the Galois correspondence is
injective, it follows that Aa is regular in A if and only if GðKÞ00 ¼M: But
the latter condition is clearly equivalent to K being cocommutative. This
proves equivalence of (1) and (2).
Assume now thatA is the AFD factor of type II1: IfA
a is regular inA;
then, by Jones and Popa [JP, Theorem 3.1], Aa A contains a common
Cartan subalgebra.
Suppose that Aa A contains a common Cartan subalgebra D: It then
follows from [H] (see [Su] also) that there exist a subfactor P inside of Aa
containing the Cartan subalgebra D; an outer action b of a ﬁnite group G on
P and a subgroup H of G such that the inclusionAa A is isomorphic to
PsbH  PsbG:
Since the inclusion Aa A is of depth 2, it follows from [Te1, Te2] that
there exists an outer action g of a ﬁnite group F on Aa so that
ðAa AÞ ﬃ ðAa AasgF Þ:
By the classiﬁcation result in [P2], we ﬁnd that K is cocommutative. (It also
results that a is (conjugate to) the dual coaction *g of g:) ]
Corollary 3.7 (Jones and Popa [JP, Theorem 3.4]). Suppose that K is
commutative and that A is the AFD factor of type II1: Namely, a is an outer
action of some finite group G on the AFD II1 factor A: Then A
a A
contains a common Cartan subalgebra if and only if G is abelian.
Proof. From Theorem 3.6, Aa A contains a common Cartan
subalgebra if and only if K is both commutative and cocommutative,
which is equivalent to the group G as above being abelian. ]
Remark 3.8. The model in which (3) of Theorem 3.6, and thus all of the
other statements that are fulﬁlled can be constructed in the same way as in
the proof of [JP, Theorem 3.1]. Let G be a ﬁnite group. Consider the
probability measure n on G by nðfggÞ :¼ 1=jGjðg 2 GÞ; where jGj is the order
of G: We then form the product measure space ðX :¼
Q1
n¼1 Gn;m :¼
Q1
n¼1
nnÞ; where Gn :¼ G and nn :¼ n: The group G acts on X by gðgnÞ :¼
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1gnÞ ðg 2 G; ðgnÞ 2 X Þ: This is well known to be a free, ergodic, measure-
preserving action. Next, we consider the product probability space Y :¼Q1

1 Xn; where Xn ¼ X : We denote by s the automorphism of L
1ðY Þ
induced by the shift: fxng 2 Y/ fxnþ1g 2 Y : Moreover, let b be the action
of G on L1ðY Þ derived from the transformation fxng 2 Y/ fgxng 2 Y ðg 2
GÞ: Clearly, the action b commutes with the shift s: Set R :¼ L1ðY ÞssZ:
Due to the commutativity of b and s;b induces an action (still denoted by b)
of G on R: We put A :¼ RsbG ¼ L1ðY ÞsðZ GÞ: Then deﬁne a to be
the dual coaction *b of b onA: We haveAa ¼ R; and the inclusionAa A
contains L1ðY Þ as a common Cartan subalgebra.
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